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Problem: Two doctors, Alice and Bob, are asked to examine the same
group of n patients. Each appointment would be 15 minutes long. The
doctors would start at the same time and take breaks at the same time. In
how many ways can the patients (and their appointments) be arranged so
that all 2n appointments are completed in n/4 examination hours?

Solution: There are (n!)? <1 —i+1—.+ (—l)j% + ..+ (—1)"%) desir-

able arrangements.

Let ai,as,...,a, be Alice’s appointments and by, b, ..., b, be Bob’s ap-
pointments. Note that by, bs, ..., b, is simply a permutation of ay,as, ..., ay,.
For each possible arrangement ay, as, ..., a, (and there are n! such arrange-
ments) we need to determine the number of permutations by, by, ..., b, of
ai, s, ..., ay in which b; # a; for all 1 < j < n.

Let X; (for a fixed 1 < j < n) denote the set of permutations where b; =
a;. The idea here is to use the Inclusion-Exclusion Principle to determine

Recall that the Inclusion-Exclusion Principle states
X1 UXoU L UX, | =D (—D)7X, N X, NN X

where the summation goes over all [ > 1, and over all possible subsets

{il, ’ig, ceey Zl} Q {1, 2, ceny n}
To apply this principle note the following cardinalities (the number of
elements):

|X]|:(TL—1)', |ijXk|:(n_2)'a |X]ﬂkaXl|:(n_3)'7



Since there are (7) possibilities for |X;, N X;, N ... N X;,| we see that |X; U

(’;) (n—1)! - (Z) (n—2)! 4o+ (—1)77 (ZL) (n—i)l+..+(=1)"" (Z)O!

To summarize: it follows from the Inclusion-Exclusion Principle that the
number of permutations by, bs, ..., b, of aj,as,...,a, in which b; # a; for all
1<5<nis

nl— (’f) (n—1)1+ (Z) (n—2)! = oo (1) C‘) (n—i)l+ ..+ (—1)H<Z)0!

The above expression can be simplified into
Wt e ),

so that the final answer is



