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Problem: Let A be a matrix with A% = 0. Does there exist a matrix B such
that e = I + A? Justify your claim. Here I denotes the identity matrix,
and e stands for

e =I+B+3B+iB°+..+ 4B "+ ..

Solution: Yes, the matrix B is given by A — %Az; the formula for B is
inspired by the expression In(1 + z) = x — %x2 + %x?’ — e

In the case of A = 0 we immediately see that B = 0 works; in the case
when A? = 0 we see that B = A works. We first investigate the situation
when the Jordan normal form of A is
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The matrix B = A — $A? is then similar (with the same transition matrix!)
to

01 —1
B =P 'BP=10 0 1
00 0
Observe that
00 1
(BY*=1(0 0 0], (B)?=0
000
Thus,
110
P =1+B+iBY=[011]|=1+A4
00 1
and

e = PP P =PI+ AP =1+ A
The situation when A breaks into several nilpotent Jordan normal blocks is
a direct consequence of the three cases addressed above.



