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Problem: Let A1A2...An be a regular polygon inscribed in a circle of radius
1. Find, with justification, the maximum value of

|PA1| · |PA2| · ... · |PAn|

as P ranges over the circumcircle. (Here |PAk| denotes the length of the line
segment PAk.)

Solution: The maximum value is 2.

Place the vertices of the polygon on the unit circle in the complex plane
so that

Ak = exp(2πi k
n
), 1 ≤ k ≤ n.

If the point P corresponds to the complex number z then

|PA1| · |PA2| · ... · |PAn| =
n∏

k=1

∣∣(z − exp(2πi k
n
)
)∣∣

=

∣∣∣∣∣
n∏

k=1

(
z − exp(2πi k

n
)
)∣∣∣∣∣ = |zn − 1|,

by virtue of the fact that exp(2πi k
n
) represent roots of the polynomial zn−1.

By the Triangle Inequality we have

|zn − 1| ≤ |z|n + 1,



with equality reached only when zn is a negative real number. Thus zn = −1
and the maximum value of the said product is 2. It is reached when z is n-th
root of −1:

z = exp(πi2k+1
n

).


